(so that e(x, t) tends to 0 with t y for x fixed).
Received by the editors April 28, 1943. 1 For this and more general results, see, for example, the author's Trigonometric Series, Warsaw, 1935, chap. 7. The convergence of the integral (1.3) may be due either to the smallness of the numerator e 0 (x, t) -e 0 (x t -/) (which, anyway, tends to 0) or to the interference of positive and negative values of the integrand. In general, it is the second explanation which is right. For there exist continuous functions f (x) 
-dt is infinite for every x and for every positive number r, however large.
3
Since €o(x, /) -e 0 (#, -/) tends to 0 with /, the divergence of (1.5) implies the divergence of the integral with any exponent smaller than r. The result of Fatou has been generalized in several ways. In particular, Plessner showed that, if
exists for every point x of a set E of positive measure, then the integral «*(*f t) -«*(*, -/) , C * € *(*> *) "" c *(*> """ *)
exists for almost every xÇzE.
A
The most interesting is, of course, the behavior of the integrand [ek(x, t) -€k(x f -/) ]// in the neighborhood of / = 0. Since the existence of D k f(xo) implies the boundedness of ƒ in the neighborhood of the point Xo, the assumption of integrability of ƒ in Plessner's theorem is really no restriction of generality, and is made merely to simplify the statement.
Recently, Marcinkiewicz proved the following remarkable result. Suppose that a function ƒ(x), of integrable square and of period 2-TT, has a finite derivative for every point x of a set E of positive measure. Then the integral
is finite for almost every #££.
5
Consideration of this integral was suggested by its analogy with an important function
introduced by Littlewood and Paley. 6 However, the integral (1.7) may also be given a different interpretation. For, if we note that
at every point where ƒ'(#) exists, we may write the integral (1.7) in the form (1.8) I <// = I ; at.
The finiteness of this integral at almost every point where ƒ' exists, as compared with the fact that there exist continuous functions ƒ such that
(cf. (1.5)), indicates that the behavior of the remainders €o(#, /) and ei(x, t) is essentially different. It also raises the problem of the extension of Marcinkiewicz's result to functions with a kth generalized derivative. The answer to that problem is given by the following theorem, the proof of which is the main object of this note, and which reduces to Marcinkiewicz's theorem for j fe = l. This result complements the theorem of Plessner stated above, but at individual points is not comparable with the latter. It displays a new property of the remainder Ü>&(#, /), a property which, unlike that in Plessner's theorem, is expressed by the convergence of a positive integral.
2. Auxiliary lemmas. The proof oï the theorem depends on two known lemmas. * Both lemmas were used by Marcinkiewicz in his proof of the finiteness of the integral (1.7), so that the proof given here of the theorem is partly modelled on Marcinkiewicz's argument. 8 J. Marcinkiewicz, the paper cited in footnote 4. 9 J. Marcinkiewicz, loc. cit. Marcinkiewicz's argument shows that the set P may be of measure arbitrarily close to that of E.
Passing to the proof of the theorem, let us assume first that the function ƒ(#) has a continuous £th derivative ƒ w (#). To fix the ideas we assume that k is even. Then Let us divide (2.2) by / 1/2 and apply Parseval's formula to the resulting relation. We get
